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1 NOTATION

1 Notation

Styles

x, θ real scalars

x, θ complex scalars

x,θ real vectors

x,θ complex vectors

X,Θ real matrices

X,Θ complex matrices

x, x,x,x,X,X variables, functions

x, x,x,x,X,X constants, parameters1

x̂, x̂, X̂, X̂ selected rows of interest of x,x,X,X, respectively2

Operators

[a] diagonal matrix with vector a on the diagonal

AT (non-conjugate) transpose of matrix A

a∗, a∗, A∗ complex conjugate of a, a, and A, respectively

<{a}, ={a} real and imaginary parts of a, respectively

an element-wise exponent3 for vector a

An matrix exponent3 for matrix A

ab, aB element-wise exponent3 for vector b and matrix B, respectively

f(x), f(x) scalar, vector functions of x, respectively

fx, fx transpose of gradient of f, Jacobian of f , respectively, w.r.t. x

fxx, fxx(λ) Hessian of f, Jacobian of fx
Tλ, respectively, w.r.t. x

1Constants and parameters are underlined, with the following exceptions: constants e and j, p,
q, m and n when used as dimensions, and i, j, and k as indices.

2Obtained by multiplying by matrix J (see Section 2.2).
3Superscripts may also be used as indices, indicated by context.
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1 NOTATION

Constants and Dimensions

e, j constants, e is base of natural log (≈ 2.71828), j is
√
−1

nk, nn, np, n
k
p number of elements, nodes, ports, ports for element k, respectively

nx, nv, nz dimension of vector x, v, z, respectively.

1n, [1n] n× 1 vector of all ones, n× n identity matrix

0 appropriately-sized vector or matrix of all zeros

Variables

vi complex voltage at node/port i

ui, wi real and imaginary parts of voltage at node/port i, vi = ui + jwi

νi, θi voltage magnitude and angle at node/port i, vi = νie
jθi

v column vector of complex voltages vi

e column vector v with elements scaled to unit magnitude, e = ejθ

u,w column vectors of real (ui) and imaginary (wi) parts of voltage,
respectively, v = u+ jw

ν,θ column vectors of voltage magnitudes νi and angles θi, respectively,
v = [ν] e = [ν] ejθ

Λ column vector of inverse of complex voltages 1
vi

, Λ = v−1

z column vector of real non-voltage state variables zi

z column vector of complex non-voltage state variables zi

zr, zi column vectors of real and imaginary parts of z = zr + jzi
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1 NOTATION

Parameters

Jk matrix formed by taking selected rows, indexed by vector k, from
an identity matrix4

Y AC model admittance matrix

L linear coefficient (of z) for affine complex current injections

i vector of constant complex current injections

M linear coefficient (of v) for affine complex power injections

N linear coefficient (of z) for affine complex power injections

s vector of constant complex power injections

B DC model susceptance matrix

K linear coefficient (of z) for affine active power injections

p vector of constant active power injections

C element-node incidence matrix for a given port

D element-variable incidence matrix for a given state variable

A combined incidence matrix A =

[
C 0
0 D

]

4Often used simply as J without the subscript.
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2 INTRODUCTION

2 Introduction

This document describes the generalized model architecture for Matpower [1–3]
and shows the network balance and other constraints expressed in terms of complex
matrices and how their first and second derivatives can be computed efficiently using
complex sparse matrix manipulations. This note includes much that is based on
the work documented previously in Matpower Technical Note 2 [4], Matpower
Technical Note 3 [5] and Matpower Technical Note 4 [6].

We will be looking at complex functions of the real valued n×1 vector x. For the
purposes of illustrating the notation, assume also that x is partitioned into subvectors
y and z,

x =



x1
...
xn


 =

[
y
z

]
=




y1
...
yp
z1
...
zq




(2.1)

where y is p× 1 and z is q × 1, hence n = p+ q.
For a complex scalar function f : Rn → C of x, we use the following notation for

the 1× n row vector of first derivatives (transpose of the gradient)

fx =
∂f

∂x
=
[

∂f
∂x1

∂f
∂x2

· · · ∂f
∂xn

]
(2.2)

=
[

fy fz
]
. (2.3)

Using the following notation for the second partial derivatives of f,

fyz =
∂2f

∂z∂y
=

∂

∂z

(
∂f

∂y

)T

=




∂2f
∂y1∂z1

· · · ∂2f
∂y1∂zq

...
. . .

...
∂2f

∂yp∂z1
· · · ∂2f

∂yp∂zq


 , (2.4)

the n× n Hessian of f is

fxx =
∂2f

∂x2
=

∂

∂x

(
∂f

∂x

)T

=




∂2f
∂x21

· · · ∂2f
∂x1∂xn

...
. . .

...
∂2f

∂xn∂x1
· · · ∂2f

∂x2n


 (2.5)

=

[
fyy fyz
fzy fzz

]
. (2.6)
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2 INTRODUCTION

For a complex vector function f : Rn → Cm of a vector x, where

f(x) =
[

f1(x) f2(x) · · · fm(x)
]T
, (2.7)

the first derivatives form the m×n Jacobian matrix, where row i is the transpose of
the gradient of fi.

fx =
∂f

∂x
=




∂f1

∂x1
· · · ∂f1

∂xn
...

. . .
...

∂fm

∂x1
· · · ∂fm

∂xn


 (2.8)

In the derivations in this document, the full 3-dimensional set of second partial
derivatives of f , consisting of the Hessians of each element of f , will not be computed.
Instead a weighted sum of these Hessians will be formed by computing the Jacobian
of the vector function obtained by multiplying the transpose of the Jacobian of f by
a constant real vector λ. The following notation will be used to denote this n × n
matrix.

fxx(α) =

(
∂

∂x

(
fx

Tλ
))∣∣∣∣

λ=α

=
m∑

k=1

αkf
k
xx (2.9)

=

[
fyy(α) fyz(α)
fzy(α) fzz(α)

]
=

m∑

k=1

αk

[
fkyy fkyz
fkzy fkzz

]
, (2.10)

where

fyz(α) =

(
∂

∂z

(
fy

Tλ
))∣∣∣∣

λ=α

=
m∑

k=1

αkf
k
yz. (2.11)

Alternatively, a different matrix of partial derivatives can be formed by comput-
ing the Jacobian of the vector function obtained by multiplying the untransposed
Jacobian of f by a constant real vector λ. For this m × n matrix, the following
notation is used.

fxx(α) =

(
∂

∂x
(fxλ)

)∣∣∣∣
λ=α

=



αTf1

xx
...

αTfmxx


 (2.12)

=



αy

Tf1
yy +αz

Tf1
zy αy

Tf1
yz +αz

Tf1
zz

...
αy

Tfmyy +αz
Tfmzy αy

Tfmyz +αz
Tfmzz


 (2.13)

=
[

fyy(αy) + fzy(αz) fyz(αy) + fzz(αz)
]
, (2.14)
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2 INTRODUCTION

where λ and α are partitioned into λy, λz and αy, αz, respectively, and

fyz(αy) =

(
∂

∂z
(fyλy)

)∣∣∣∣
λy=αy

=



αy

Tf1
yz

...
αy

Tfmyz


 , (2.15)

fzy(αz) =

(
∂

∂y
(fzλz)

)∣∣∣∣
λz=αz

=



αz

Tf1
zy

...
αz

Tfmzy


 . (2.16)

The second derivatives in this alternative form are not yet derived in this docu-
ment but would be useful, for example, for efficiently computing the optimal multi-
plier for Newton step-sizes in a Newton power flow.
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2.1 Linear Transformations of f and x 2 INTRODUCTION

2.1 Linear Transformations of f and x

Suppose we have a function g that is a linear transformation of f by a matrix A,

g(x) = Af(x), (2.17)

and a variable z is obtained via a linear transformation of the variable x by the
matrix B.

z = Bx (2.18)

Then let h be a new function that combines these two linear transformations.

h(x) = g(z) = g(Bx) (2.19)

= Af(z) = Af(Bx) (2.20)

Then the derivatives of h can be expressed in terms of the derivatives of f as follows.

hx =
∂h

∂x
= A

∂f

∂z

∂z

∂x
(2.21)

= AfzB (2.22)

hxx(α) =

(
∂

∂x

(
hx

Tλ
))∣∣∣∣

λ=α

(2.23)

=

(
∂

∂z

(
hx

Tλ
) ∂z
∂x

)∣∣∣∣
λ=α

(2.24)

=

(
∂

∂z

(
BTfz

TATλ
)

B

)∣∣∣∣
λ=α

(2.25)

=

(
BT ∂

∂z

(
fz

Tµ
)
B

)∣∣∣∣
µ=ATα

(2.26)

= BTfzz(A
Tα)B (2.27)

To summarize, for a function f(x), whose derivatives fx and fxx(α) we know, and
a function h, defined in terms of f as

h(x) = Af(Bx), (2.28)

the derivatives of h are given by

hx = AfxB (2.29)

hxx(α) = BTfxx(ATα)B. (2.30)
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2.2 Selected Elements of a Function 2 INTRODUCTION

2.2 Selected Elements of a Function

Consider the case when only a subset of the elements of a vector function f is of
interest. Rather than calculating all terms, then selecting the subset of elements of
interest, we want to maximize computational efficiency by avoiding the calculation
of unused terms.

To this end, we want to express all functions and derivatives in a form that
facilitates the use of only the required elements.

Suppose, we are interested a subset of m elements of the n× 1 vector function f ,
namely the elements indexed by the m × 1 vector k, or f{k}, where each element of
k is unique. If we define the m × n matrix Jk as the m rows, indexed by k, of an
n× n identity matrix, then we can define the subset f̂ of f as follows.

f̂ ≡ Jkf = f{k} =




fk1
fk2
...

fkm


 (2.31)

A similar notation is used to denote selecting a subset of the rows of a matrix A
corresponding to a vector k of row indices.

Â ≡ JkA (2.32)

For simplicity of notation, the k subscript for J will typically be omitted, with J
generically denoting the matrix used to select the desired rows of a post-multiplied
matrix or vector.

It follows from the definition of J that

JJT = [1m] (2.33)

and JTJ is an n × n identity matrix with diagonal terms zeroed out for rows not
included in k. Some other useful relationships, using vector g and matrix A, follow.

[ĝ] = [Jg] = J [g]JT (2.34)

[ĝ]J = J [g] (2.35)

JT [ĝ] = [g]JT (2.36)

J [g] A = [ĝ] Â (2.37)

AT [g]JT = Â
T

[ĝ] (2.38)
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2.3 Chain Rule Trick 2 INTRODUCTION

2.3 Chain Rule Trick

One common operation encountered in these derivations is the element-wise multi-
plication of a vector a by a vector b to form a new vector c of the same dimension,
which can be expressed in either of the following forms

c = [a] b = [b] a (2.39)

It is useful to note that the derivative of such a vector can be calculated by the chain
rule as

cx =
∂c

∂x
= [a]

∂b

∂x
+ [b]

∂a

∂x
= [a] bx + [b] ax (2.40)

2.4 Composition of x

The unified element model described here will always have a vector of state variables
consisting of the voltages at each terminal as well as optional additional non-voltage
state variables.

2.4.1 AC Model

The AC model is defined in terms of a complex state vector x, consisting of complex
voltages v and complex non-voltage state variables z.

x =

[
v
z

]
(2.41)

The complex vectors x, v and z are actually functions of the corresponding real
vectors x, v, and z consisting of the real components of the complex values. For
the purposes of this document, two options will be considered, one with voltages
v expressed in polar coordinates and the other in cartesian coordinates, with the
non-voltage state z using cartesian coordinates in both cases.

14



2.4 Composition of x 2 INTRODUCTION

Real Vectors

Polar Cartesian

v =

[
θ
ν

]
v =

[
u
w

]
(2.42)

z =

[
zr
zi

]
z =

[
zr
zi

]
(2.43)

x =

[
v
z

]
=




θ
ν
zr
zi


 x =

[
v
z

]
=




u
w
zr
zi


 (2.44)

Complex Vectors

Polar Cartesian

v(v) = νejθ v(v) = u+ jw (2.45)

z(z) = zr + jzi z(z) = zr + jzi (2.46)

x(x) =

[
v(v)
z(z)

]
x(x) =

[
v(v)
z(z)

]
(2.47)

For a given function of the complex vector x, for example g(x), we will use g(x)
as shorthand notation to refer to the equivalent function of the corresponding real
x, that is, to refer to g(x(x)). While the AC model itself is expressed directly in
terms of the complex state vector x (e.g. g(x)), with its components v and z, the
derivatives are based on the real valued state vector x and its 4 real components
from (2.44) (e.g. gx and gxx(λ)).

2.4.2 DC Model

The DC model is defined in terms of a real state vector x consisting of the voltage
angles θ and non-voltage state variables z.

x =

[
θ
z

]
(2.48)
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3 INDIVIDUAL ELEMENT

3 Individual Element

For a given model and formulation, a generic element with np ports is defined by (1)
a vector of state variables, which may vary depending on the model and formulation,
and (2) functions of that state representing the injections at each port. The first
part of the state always represents the voltage at each port, e.g. complex voltages
for the AC model and voltage angles for the DC model.

3.1 AC Model

For the AC model, shown in Figure 1, the state vector x begins with the np × 1
vector v of complex voltages at the np ports, and may include an nz × 1 real vector
of additional state variables z, for a total of nx state variables.

x =

[
v
z

]
(3.1)

The port injection functions for the model, both complex power injection gS(x)
and complex current injection gI(x), are defined by three terms, a linear current
injection component ilin(x), a linear power injection component slin(x), and an ar-
bitrary nonlinear component, snln(x) or inln(x), respectively.
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Figure 1: AC Model for Element with np Ports
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3.1 AC Model 3 INDIVIDUAL ELEMENT

The linear current and power injection components are expressed in terms of the
six parameters, Y, L, M, N, i, and s. The admittance matrix Y and linear power
coefficient matrix M are np × np, linear coefficient matrices L and N are np × nz,
and i and s are np × 1 vectors of constant current and power injections.

ilin(x) =
[

Y L
]
x + i (3.2)

= Yv + Lz + i (3.3)

slin(x) =
[

M N
]
x + s (3.4)

= Mv + Nz + s (3.5)

Note that the arbitrary nonlinear injection component, represented by either
snln or inln, corresponds to a single set of injections represented either as a complex
power injection or as a complex current injection, but not both. Since the functions
represent the same set of injections, they are not additive components, but rather
must be related to one another by the following relationship.

snln(x) = [v]
(
inln(x)

)∗
(3.6)

3.1.1 Complex Power Injections

To facilitate the derivations of the derivatives of each term, we define sI(x) to be the
power injection corresponding to the linear current term.

sI(x) = [v]
(
ilin(x)

)∗
(3.7)

Then the port injection function for complex power and its derivatives can be
written as follows,

gS(x) = sI(x) + slin(x) + snln(x) (3.8)

= [v]
(
ilin(x)

)∗
+ slin(x) + snln(x) (3.9)

= [v] (Yv + Lz + i)∗ + Mv + Nz + s + snln(x) (3.10)

gSx = sIx + slinx + snlnx (3.11)

gSxx(λ) = sIxx(λ) + slinxx(λ) + snlnxx (λ) (3.12)

where the derivatives of slin and sI are derived in Sections 7 and 8, respectively, and
the derivatives of snln are assumed to be provided explicitly.
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3.1 AC Model 3 INDIVIDUAL ELEMENT

3.1.2 Complex Current Injections

Similarly, we define iS(x) to be the current injection corresponding to the linear
power term.

iS(x) =
[
slin(x)

]∗
Λ∗ (3.13)

where Λ is shorthand for v−1.
Then the port injection function for complex current and its derivatives can be

written as follows,

gI(x) = ilin(x) + iS(x) + inln(x) (3.14)

= ilin(x) +
[
slin(x)

]∗
Λ∗ + inln(x) (3.15)

= Yv + Lz + i + [Mv + Nz + s]∗Λ∗ + inln(x) (3.16)

gIx = ilinx + iSx + inlnx (3.17)

gIxx(λ) = ilinxx(λ) + iSxx(λ) + inlnxx (λ) (3.18)

where the derivatives of ilin and iS are derived in Sections 6 and 9, respectively, and
the derivatives of inln are assumed to be provided explicitly.
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3.2 DC Model 3 INDIVIDUAL ELEMENT

3.2 DC Model

For the DC model, the state vector x is real and begins with the np × 1 vector θ of
voltage angles at the np ports, and may include an nz × 1 real vector of additional
state variables z, for a total of nx state variables.

x =

[
θ
z

]
(3.19)

The port injection function in this case defines the active power port injections
as a linear function of a set of parameters B, K and p, where B is an np × np
susceptance matrix, K is an np × nz matrix coefficient for a linear power injection
function, and p is an np × 1 constant power injection.

3.2.1 Active Power Injections

gP (x) =
[
B K

]
x+ p (3.20)

= Bθ +Kz + p (3.21)

gPx =
[
B K

]
(3.22)
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4 AGGREGATING ELEMENTS

4 Aggregating Elements

4.1 Aggregation by Element Class

Given a set or class5 of nk elements with a uniform number of ports (np) and state
variables (nx), it is often convenient to aggregate the models together, with all of
their variables, parameters and functions, and treat the set as a single large element
with nk × np ports and nk × nx state variables.

4.1.1 Forming the Aggregate Model

Parameters Y and s from the AC model will be used to demonstrate how the aggre-
gation is done, but the process is the same for all variables, parameters and functions.
That is, matrices L, M, N, B, and K are handled just like Y, and vector variables
v, z, θ, parameters i, p, and functions inln, and snln are handled just like vector
parameter s.

Indexing the parameters and functions for a single element k, as Yk, Lk, ik, Mk,
Nk, sk, inln,k, snln,k, Bk, Kk, and pk we first take each scalar entry (i.e. from each
row i and column j) of each parameter,

Yk =




yk
11
· · · yk

1np

...
. . .

...
yk
np1

· · · yk
npnp


 , sk =




sk1
...
sknp


 , (4.1)

and define a corresponding “stacked” matrix or vector version of the entry drawn
from all nk network elements. Individual matrix entries are stacked with k going
from 1 to nk along the diagonal to form a corresponding diagonal matrix. Similarly,
individual vector entries are stacked vertically to form a corresponding column vector,
as follows.

Yij =



y1
ij

. . .

ynk

ij


 , si =




s1
i
...
snk
i


 (4.2)

5E.g. Each of the following could be considered its own separate class of elements: AC trans-
mission lines, two-winding transformers, three-winding transformers, generators, non-dispatchable
ZIP loads, shunts, DC transmission lines, etc.
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4.1 Aggregation by Element Class 4 AGGREGATING ELEMENTS

The full set of parameters for the aggregate element can then be assembled from
these “stacked” parameters as

Y =




Y11 · · · Y1np

...
. . .

...
Ynp1 · · · Ynpnp


 , s =




s1
...

snp


 . (4.3)

Assembling aggregate versions of all of the parameters and functions in this way yields
a model of the aggregate (nk × np)–port device whose port injections are expressed
by (3.10) and (3.16) for AC formulations, or (3.21) for the DC formulation.

4.1.2 Inputs for the Aggregate Model

For a given class c of ncp–port elements to be aggregated as described above, let
us denote the corresponding aggregate variables, parameters and functions with the
superscript c.

Given that each port of the aggregate element c is connected to one of the nn
network nodes, and using the AC model for illustration, the appropriate port voltage
vector vc for this connected aggregate model is constructed from the corresponding
node voltages v using a set of ncp element-node incidence matrices Cc

j, where j is the
index for the port number, ranging from 1 to ncp. That is, the dimension of Cc

j is
nn × nck, and its (i, k) element is 1 if port j of element k is connected to node i, and
0 otherwise.

Stacking these per-port incidence matrices horizontally to form

Cc =
[
Cc

1 · · · Cc
nc
p

]
(4.4)

yields

vc = CcTv (4.5)



vc1
...

vcnc
p


 =



Cc

1
T

...

Cc
nc
p

T


v. (4.6)

where vcj is the nck × 1 vector of port j voltages for all nck elements.
If each individual element in class c has ncz non-voltage state variables (z vari-

ables), indexed by j, a similar incidence matrix Dc
j can be used to select from the full

system z the subset of state variables corresponding to variable j for the aggregate
element for all of class c. That is, the dimension of Dc

j is nz × ncz, and its (i, k)
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4.2 Full Network Model 4 AGGREGATING ELEMENTS

element is 1 if the j-th non-voltage state variable of element k corresponds to zi (i-th
element of system z), and 0 otherwise.
Dc is similarly formed by stacking the individual Dc

j matrices horizontally

Dc =
[
Dc

1 · · · Dc
nc

z

]
(4.7)

yielding

zc = DcTz (4.8)


zc1
...

zcnc
z


 =



Dc

1
T

...

Dc
nc

z

T


 z. (4.9)

Combining Cc and Dc into Ac, by putting them on the block diagonal, and
stacking v (or θ) and z into x, as in (3.1) results in the following.

xc =

[
vc

zc

]
=

[
CcT 0

0 DcT

] [
v
z

]
= AcTx (4.10)

Similarly, for the DC model we have the following based on (3.19).

xc =

[
θc

zc

]
=

[
CcT 0

0 DcT

] [
θ
z

]
= AcTx (4.11)

4.2 Full Network Model

With each class of elements aggregated into its own class-specific aggregate model
of an element with nck × ncp ports and nck × ncx state variables, these models can also
be further aggregated into one large model encompassing the entire system. The
matrices for each class are stacked to form block diagonal matrices and the vectors
are simply stacked vertically. So, using superscript s to denote variables, parameters
and functions for the full system, for a network with nc different classes of elements,
we have

Ys =




Y1

. . .

Ync


 , ss =




s1

...
snc


 (4.12)

and similarly for the other matrix and vector variables, parameters and functions.
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4.3 AC Model 4 AGGREGATING ELEMENTS

Stacking the Cc and Dc incidence matrices horizontally as well, results in corre-
sponding incidence matrices for the full system model.

Cs =
[
C1 · · · Cnc

]
Ds =

[
D1 · · · Dnc

]
As =

[
Cs 0
0 Ds

]
(4.13)

This gives us the state variables for the full network model. Here vs represents
the port voltages for all network elements, expressed in terms of the network node
voltages v.

vs = CsTv (4.14)

zs = DsTz (4.15)

xs = AsTx (4.16)

Similarly for the DC model.

θs = CsTθ (4.17)

zs = DsTz (4.18)

xs = AsTx (4.19)

Note: In general, the element classes and the full vector z of all non-voltage state
variables can always be ordered such that Ds is an identity matrix, that is, zs = z.

The aggregate models, whether for a single class of elements or for the entire
network, then take the following form, where we drop the c or s superscripts for
simplicity and use the x, v, and z variables based on the network node voltages (as
opposed to port voltages) and full system state variables.

4.3 AC Model

4.3.1 Complex vs. Real State Vectors

As described in Section 2.4.1, the complex vector x is defined as a function of a
corresponding real vector x, as in (2.44) and (2.47). Likewise, complex v is a function
of real v (i.e. of θ and ν, or of u and w), and complex z is a function of real z (i.e.
of zr and zi).

Given incidence matrices C, D and A used to select the appropriate elements
of the complex vectors v, z, and x, respectively, it is straightforward to construct
equivalent incidence matrices C′, D′, and A′ for the corresponding real vectors v, z,
and x. Because C and D each have a single non-zero entry in each column, it turns
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4.3 AC Model 4 AGGREGATING ELEMENTS

out that they can be duplicated on the block diagonal of C ′ and D′, respectively,
with A′ constructed from C ′ and D′ as expected.

C ′ =

[
C 0
0 C

]
D′ =

[
D 0
0 D

]
A′ =

[
C ′ 0
0 D′

]
(4.20)

Applying the new primed matrices to the real vectors is equivalent to applying
the original matrices to the complex vectors. In other words,

CTv(v) = v(C ′
T
v) (4.21)

DTz(z) = z(D′
T
z) (4.22)

ATx(x) = x(A′
T
x). (4.23)

This means that, for a given function g(x) and its corresponding g(x), transforming

the complex input x by AT is equivalent to transforming the real input x by A′
T
.

That is, g(ATx) is equivalent to g(A′
T
x).

4.3.2 Complex Power Injections

The complex power port injections from (3.8)–(3.10) are expressed for the aggregate
model in terms of the system state variables as follows.

gS,sys(x) = gS(ATx) (4.24)

= sI(ATx) + slin(ATx) + snln(ATx) (4.25)

=
[
CTv

] (
ilin(ATx)

)∗
+ slin(ATx) + snln(x) (4.26)

=
[
CTv

] (
YCTv + LDTz + i

)∗
+ MCTv + NDTz + s + snln(ATx)

(4.27)

The derivatives of this complex power port injection function can be expressed
based on (3.11)–(3.12) as follows,

gS,sys
x = gSxA

′T (4.28)

=
(
sIx + slinx + snlnx

)
A′

T
(4.29)

gS,sys
xx (λ) = A′gSxx(λ)A′

T
(4.30)

= A′
(
sIxx(λ) + slinxx(λ) + snlnxx (λ)

)
A′

T
(4.31)

where the derivatives of slin and sI are derived in Sections 7 and 8, respectively, and
the derivatives of snln are assumed to be provided explicitly.
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4.4 DC Model 4 AGGREGATING ELEMENTS

4.3.3 Complex Current Injections

Likewise, the complex current port injections from (3.14)–(3.16) are expressed for
the aggregate model in terms of the system state variables as follows.

gI,sys(x) = gI(ATx) (4.32)

= ilin(ATx) + iS(ATx) + inln(ATx) (4.33)

= ilin(ATx) +
[
slin(ATx)

]∗
CTΛ∗ + inln(ATx) (4.34)

= YCTv + LDTz + i +
[
MCTv + NDTz + s

]∗
CTΛ∗ + inln(ATx) (4.35)

The derivatives of this complex current port injection function can be expressed
based on (3.17)–(3.18) as follows,

gI,sys
x = gIxA

′T (4.36)

=
(
ilinx + iSx + inlnx

)
A′

T
(4.37)

gI,sys
xx (λ) = A′gIxx(λ)A′

T
(4.38)

= A′
(
ilinxx(λ) + iSxx(λ) + inlnxx (λ)

)
A′

T
(4.39)

where the derivatives of ilin and iS are derived in Sections 6 and 9, respectively, and
the derivatives of inln are assumed to be provided explicitly.

4.4 DC Model

4.4.1 Active Power Injections

The active power port injections from (3.20)–(3.21) are expressed for the aggregate
model in terms of the system state variables as follows.

gP,sys(x) = gP (ATx) (4.40)

= BCTθ +KDTz + p (4.41)

The derivatives of this active power port injection function can be expressed based
on (3.22) as follows.

gP,sys
x = gPxA

T (4.42)

=
[
BCT KDT

]
(4.43)
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5 Complex Voltages and Derivatives

Each complex voltage vi can be expressed in polar form as vi = νie
jθi or in cartesian

form as vi = ui + jwi. A vector of such voltages (node voltages, port voltages, etc.)
is denoted v, where the real vectors ν and θ are the voltage magnitudes and angles,
and u and w are the real and imaginary parts of v, respectively.

Consider also the vector of inverses of bus voltages 1
vi

, denoted by Λ. Note that

1

vi
=

1

ui + jwi
=
ui − jwi
u2
i + w2

i

=
vi
∗

ν2
i

(5.1)

Λ = v−1 = [ν]−2 v∗ (5.2)

θ = tan−1
(
[u]−1w

)
(5.3)

ν =
(
u2 +w2

) 1
2 (5.4)

We will also define e as
e = [ν]−1 v = ejθ (5.5)

which means that
v = [ν] e. (5.6)

Any of the variables v, Λ, ν, θ, u, w, and e can be multiplied by the matrix J
as described in Section 2.2 to select only the elements of interest, yielding v̂, Λ̂, ν̂,
θ̂, û, ŵ, and ê, respectively.

5.1 Complex

5.1.1 First Derivatives

êv = 0 (5.7)

Λ̂v =
∂Λ̂

∂v
= − [v̂]−2 J = − [Λ̂]2 J (5.8)
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5.2 Polar Coordinates

5.2.1 First Derivatives

v̂θ =
∂v̂

∂θ
= j [v̂]J (5.9)

v̂ν =
∂v̂

∂ν
= [ν̂]−1 [v̂]J = [ê]J (5.10)

Λ̂θ =
∂Λ̂

∂θ
= − [v̂]−2 v̂θ = −j [v̂]−1 J = −j [Λ̂]J (5.11)

Λ̂ν =
∂Λ̂

∂ν
= − [v̂]−2 v̂ν = − [v̂]−1 [ν̂]−1 J = − [ν̂]−1 [Λ̂]J (5.12)

êθ =
∂ê

∂θ
= j [ê]J (5.13)

êν =
∂ê

∂ν
= 0 (5.14)

5.2.2 Second Derivatives

It may be useful in later derivations to note that

v̂νν(λ̂) =
∂

∂ν

(
∂v̂

∂ν

T

λ̂

)
= JT [λ̂] êν = 0 (5.15)
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5.3 Cartesian Coordinates

5.3.1 First Derivatives

v̂u =
∂v̂

∂u
= J (5.16)

v̂w =
∂v̂

∂w
= jJ (5.17)

Λ̂u =
∂Λ̂

∂u
= − [Λ̂]2 J (5.18)

Λ̂w =
∂Λ̂

∂w
= −j [Λ̂]2 J (5.19)

θ̂u =
∂θ̂

∂u
= − [ν̂]−2 [ŵ]J (5.20)

θ̂w =
∂θ̂

∂w
= [ν̂]−2 [û]J (5.21)

ν̂u =
∂ν̂

∂u
= [ν̂]−1 [û]J (5.22)

ν̂w =
∂ν̂

∂w
= [ν̂]−1 [ŵ]J (5.23)
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5.3.2 Second Derivatives

θ̂uu(λ̂) =
∂

∂u

(
θ̂u

T
λ̂
)

(5.24)

= 2JT [λ̂] [ν̂]−4 [û] [ŵ]J (5.25)

θ̂uw(λ̂) =
∂

∂w

(
θ̂u

T
λ̂
)

(5.26)

= JT [λ̂] [ν̂]−4 ([ŵ]2 − [û]2
)
J (5.27)

θ̂wu(λ̂) =
∂

∂u

(
θ̂w

T
λ̂
)

(5.28)

= JT [λ̂] [ν̂]−4 ([ŵ]2 − [û]2
)
J (5.29)

θ̂ww(λ̂) =
∂

∂w

(
θ̂w

T
λ̂
)

(5.30)

= −2JT [λ̂] [ν̂]−4 [û] [ŵ]J (5.31)

ν̂uu(λ̂) =
∂

∂u

(
ν̂u

Tλ̂
)

(5.32)

= JT [λ̂] [ν̂]−3 [ŵ]2 J (5.33)

ν̂uw(λ̂) =
∂

∂w

(
ν̂u

Tλ̂
)

(5.34)

= −JT [λ̂] [ν̂]−3 [û] [ŵ]J (5.35)

ν̂wu(λ̂) =
∂

∂u

(
ν̂w

Tλ̂
)

(5.36)

= −JT [λ̂] [ν̂]−3 [û] [ŵ]J (5.37)

ν̂ww(λ̂) =
∂

∂w

(
ν̂w

Tλ̂
)

(5.38)

= JT [λ̂] [ν̂]−3 [û]2 J (5.39)
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6 Linear Current Injections

The linear current injection term ilin from (3.3), namely,

îlin(x) = Ŷv + L̂z + î, (6.1)

has the following derivatives.

6.1 Complex

6.1.1 First Derivatives

îlinx =
∂ îlin

∂x
=
[

∂ îlin

∂v
∂ îlin

∂z

]
(6.2)

îlinv =
∂ îlin

∂v
= Ŷ (6.3)

îlinz =
∂ îlin

∂z
= L̂ (6.4)

6.2 Polar

6.2.1 First Derivatives

îlinx =
∂ îlin

∂x
=
[

∂ îlin

∂θ
∂ îlin

∂ν
∂ îlin

∂zr
∂ îlin

∂zi

]
(6.5)

îlinθ =
∂ îlin

∂θ
= îlinv vθ = jŶ [v] (6.6)

îlinν =
∂ îlin

∂ν
= îlinv vν = Ŷ [e] (6.7)

îlinzr =
∂ îlin

∂zr
= îlinz zzr = L̂ (6.8)

îlinzi =
∂ îlin

∂zi
= îlinz zzi = jL̂ (6.9)
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6.2.2 Second Derivatives

Since ilinz is constant, all second derivatives involving zr and zi are zero. Similarly,
ilinνν(λ) is zero and the other three are diagonal matrices.

îlinxx(λ̂) =
∂

∂x

(
îlinx

T
λ̂
)

(6.10)

=




îlinθθ (λ̂) îlinθν(λ̂) 0 0

îlinνθ(λ̂) 0 0 0
0 0 0 0
0 0 0 0


 (6.11)

îlinθθ (λ̂) =
∂

∂θ

(
îlinθ

T
λ̂
)

(6.12)

=
∂

∂θ

(
j [v] Ŷ

T
λ̂
)

(6.13)

= j
[
Ŷ

T
λ̂
]

vθ (6.14)

= −
[
Ŷ

T
λ̂
]

[v] (6.15)

îlinνθ(λ̂) =
∂

∂θ

(
îlinν

T
λ̂
)

(6.16)

=
∂

∂θ

(
[e] Ŷ

T
λ̂
)

(6.17)

=
[
Ŷ

T
λ̂
]

eθ (6.18)

= j
[
Ŷ

T
λ̂
]

[e] (6.19)

îlinθν(λ̂) =
∂

∂ν

(
îlinθ

T
λ̂
)

(6.20)

=
∂

∂ν

(
j [v] Ŷ

T
λ̂
)

(6.21)

= j
[
Ŷ

T
λ̂
]

vθ (6.22)

= j
[
Ŷ

T
λ̂
]

[e] (6.23)

= îlinνθ(λ̂) (6.24)
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îlinνν(λ̂) =
∂

∂ν

(
îlinν

T
λ̂
)

(6.25)

=
∂

∂ν

(
[e] Ŷ

T
λ̂
)

(6.26)

=
[
Ŷ

T
λ̂
]

eν (6.27)

= 0 (6.28)

îlinθzr(λ̂) = îlinzrθ(λ̂)
T

= îlinθzi(λ̂) = îlinziθ(λ̂)
T

= 0 (6.29)

îlinνzr(λ̂) = îlinzrν(λ̂)
T

= îlinνzi(λ̂) = îlinziν(λ̂)
T

= 0 (6.30)

îlinzrzr(λ̂) = îlinzrzi(λ̂) = îlinzizr(λ̂) = îlinzizi(λ̂) = 0 (6.31)

6.3 Cartesian

6.3.1 First Derivatives

îlinx =
∂ îlin

∂x
=
[

∂ îlin

∂u
∂ îlin

∂w
∂ îlin

∂zr
∂ îlin

∂zi

]
(6.32)

îlinu =
∂ îlin

∂u
= îlinv vu = Ŷ (6.33)

îlinw =
∂ îlin

∂w
= îlinv vw = jŶ (6.34)

îlinzr =
∂ îlin

∂zr
= îlinz zzr = L̂ (6.35)

îlinzi =
∂ îlin

∂zi
= îlinz zzi = jL̂ (6.36)

6.3.2 Second Derivatives

Since ilin is linear with respect to u, w, zr, and zi, all of the corresponding second
derivatives are zero.
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7 Linear Power Injections

The linear power injection term slin from (3.5), namely,

ŝlin(x) = M̂v + N̂z + ŝ (7.1)

has the following derivatives.

7.1 Complex

7.1.1 First Derivatives

ŝlinx =
∂ŝlin

∂x
=
[

∂ŝlin

∂v
∂ŝlin

∂z

]
(7.2)

ŝlinv =
∂ŝlin

∂v
= M̂ (7.3)

ŝlinz =
∂ŝlin

∂z
= N̂ (7.4)

7.2 Polar

7.2.1 First Derivatives

ŝlinx =
∂ŝlin

∂x
=
[

∂ŝlin

∂θ
∂ŝlin

∂ν
∂ŝlin

∂zr
∂ŝlin

∂zi

]
(7.5)

ŝlinθ =
∂ŝlin

∂θ
= ŝlinv vθ = jM̂ [v] (7.6)

ŝlinν =
∂ŝlin

∂ν
= ŝlinv vν = M̂ [e] (7.7)

ŝlinzr =
∂ŝlin

∂zr
= ŝlinz zzr = N̂ (7.8)

ŝlinzi =
∂ŝlin

∂zi
= ŝlinz zzi = jN̂ (7.9)
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7.2.2 Second Derivatives

Since slinz is constant, all second derivatives involving zr and zi are zero. Similarly,
slinνν(λ) is zero and the other three are diagonal matrices.

ŝlinxx(λ̂) =
∂

∂x

(
ŝlinx

T
λ̂
)

(7.10)

=




ŝlinθθ (λ̂) ŝlinθν(λ̂) 0 0

ŝlinνθ(λ̂) 0 0 0
0 0 0 0
0 0 0 0


 (7.11)

ŝlinθθ (λ̂) =
∂

∂θ

(
ŝlinθ

T
λ̂
)

(7.12)

=
∂

∂θ

(
j [v] M̂

T
λ̂
)

(7.13)

= j
[
M̂

T
λ̂
]

vθ (7.14)

= −
[
M̂

T
λ̂
]

[v] (7.15)

ŝlinνθ(λ̂) =
∂

∂θ

(
ŝlinν

T
λ̂
)

(7.16)

=
∂

∂θ

(
[e] M̂

T
λ̂
)

(7.17)

=
[
M̂

T
λ̂
]

eθ (7.18)

= j
[
M̂

T
λ̂
]

[e] (7.19)

ŝlinθν(λ̂) =
∂

∂ν

(
ŝlinθ

T
λ̂
)

(7.20)

=
∂

∂ν

(
j [v] M̂

T
λ̂
)

(7.21)

= j
[
M̂

T
λ̂
]

vθ (7.22)

= j
[
M̂

T
λ̂
]

[e] (7.23)

= ŝlinνθ(λ̂) (7.24)
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ŝlinνν(λ̂) =
∂

∂ν

(
ŝlinν

T
λ̂
)

(7.25)

=
∂

∂ν

(
[e] M̂

T
λ̂
)

(7.26)

=
[
M̂

T
λ̂
]

eν (7.27)

= 0 (7.28)

ŝlinθzr(λ̂) = ŝlinzrθ(λ̂)
T

= ŝlinθzi(λ̂) = ŝlinziθ(λ̂)
T

= 0 (7.29)

ŝlinνzr(λ̂) = ŝlinzrν(λ̂)
T

= ŝlinνzi(λ̂) = ŝlinziν(λ̂)
T

= 0 (7.30)

ŝlinzrzr(λ̂) = ŝlinzrzi(λ̂) = ŝlinzizr(λ̂) = ŝlinzizi(λ̂) = 0 (7.31)

7.3 Cartesian

7.3.1 First Derivatives

ŝlinx =
∂ŝlin

∂x
=
[

∂ŝlin

∂u
∂ŝlin

∂w
∂ŝlin

∂zr
∂ŝlin

∂zi

]
(7.32)

ŝlinu =
∂ŝlin

∂u
= ŝlinv vu = M̂ (7.33)

ŝlinw =
∂ŝlin

∂w
= ŝlinv vw = jM̂ (7.34)

ŝlinzr =
∂ŝlin

∂zr
= ŝlinz zzr = N̂ (7.35)

ŝlinzi =
∂ŝlin

∂zi
= ŝlinz zzi = jN̂ (7.36)

7.3.2 Second Derivatives

Since slin is linear with respect to u, w, zr, and zi, all of the corresponding second
derivatives are zero.
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8 Complex Power from Linear Current Term

This section considers the derivatives of the complex power injection term sI defined
in (3.7), namely,

ŝI(x) = [v̂]
(
îlin(x)

)∗
(8.1)

= [v̂]
(
Ŷv + L̂z + î

)∗
. (8.2)

8.1 Polar

We define the following terms, both for notational convenience for the derivations
and for computational savings during computation of the derivatives.

A = [v̂]
[
îlin
∗]
J (8.3)

B = [v̂] Ŷ
∗

(8.4)

C = B [v∗] (8.5)

D = [ν]−1 (8.6)

E = [v̂] L̂
∗

(8.7)

F = JT [λ̂] (8.8)

G = FC (8.9)

H = [v∗]
(

(FB)T −
[
BTλ̂

])
(8.10)

K = G − FA = F(C − A) = jF ŝIθ (8.11)

L = FE (8.12)

M = DL (8.13)

8.1.1 First Derivatives

ŝIx =
∂ŝI

∂x
=
[

∂ŝI

∂θ
∂ŝI

∂ν
∂ŝI

∂zr
∂ŝI

∂zi

]
(8.14)

=
[
j(A− C) (A+ C)D E −jE

]
(8.15)

ŝIθ =
∂ŝI

∂θ
=
[
îlin
∗] ∂v̂

∂θ
+ [v̂]

∂ îlin
∗

∂θ
(8.16)
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=
[
îlin
∗]

(j [v̂]J) + [v̂] (jŶ [v])
∗

(8.17)

= j(
[
îlin
∗]

[v̂]J − [v̂] Ŷ
∗

[v∗]) (8.18)

= j(A− C) (8.19)

ŝIν =
∂ŝI

∂ν
=
[
îlin
∗] ∂v̂

∂ν
+ [v̂]

∂ îlin
∗

∂ν
(8.20)

=
[
îlin
∗]

[ê]J + [v̂] Ŷ
∗

[e∗] (8.21)

= (
[
îlin
∗]

[v̂]J + [v̂] Ŷ
∗

[v∗]) [ν]−1 (8.22)

= (A+ C)D (8.23)

ŝIzr =
∂ŝI

∂zr
= [v̂] îlinzr

∗
+
[
îlin
∗]

v̂zr (8.24)

= [v̂] L̂
∗

(8.25)

= E (8.26)

ŝIzi =
∂ŝI

∂zi
= −jŝIzr = −j [v̂] L̂

∗
= −jE (8.27)

8.1.2 Second Derivatives

Since sIzr and sIzi are constant with respect to zr and zi, all second derivatives
involving only zr and zi are zero.

ŝIxx(λ̂) =
∂

∂x

(
ŝIx

T
λ̂
)

(8.28)

=




ŝIθθ(λ̂) ŝIθν(λ̂) ŝIθzr(λ̂) ŝIθzi(λ̂)

ŝIνθ(λ̂) ŝIνν(λ̂) ŝIνzr(λ̂) ŝIνzi(λ̂)

ŝIzrθ(λ̂) ŝIzrν(λ̂) 0 0

ŝIziθ(λ̂) ŝIziν(λ̂) 0 0


 (8.29)

=




H +K j(HT −KT)D jL L
jD(H−K) D(G + GT)D M −jM

jLT MT 0 0
LT −jMT 0 0


 (8.30)

37
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ŝIθθ(λ̂) =
∂

∂θ

(
ŝIθ

T
λ̂
)

(8.31)

=
∂

∂θ

(
j
(
JT
[
îlin
∗]

[v̂]− [v∗] Ŷ
∗T

[v̂]
)
λ̂
)

(8.32)

= j
∂

∂θ

(
JT
[
îlin
∗]

[v̂] λ̂− [v∗] Ŷ
∗T

[v̂] λ̂
)

(8.33)

= j


J

T [v̂] [λ̂]
(
−jŶ

∗
[v∗]
)

︸ ︷︷ ︸
∂ îlin

∗
∂θ

+JT
[
îlin
∗]

[λ̂] j [v̂]J︸ ︷︷ ︸
∂v̂
∂θ

− [v∗] Ŷ
∗T

[λ̂] j [v̂]J︸ ︷︷ ︸
∂v̂
∂θ

−
[
Ŷ
∗T

[v̂] λ̂
]

(−j [v∗])︸ ︷︷ ︸
∂v∗
∂θ


 (8.34)

= JT [v̂] [λ̂] Ŷ
∗

[v∗]− JT
[
îlin
∗]

[λ̂] [v̂]J

+ [v∗] Ŷ
∗T

[λ̂]J [v]−
[
Ŷ
∗T

[v̂] λ̂
]

[v∗] (8.35)

= [v∗]
(
Ŷ
∗T

[v̂] [λ̂]J −
[
Ŷ
∗T

[v̂] λ̂
])

+ JT [λ̂] [v̂]
(
Ŷ
∗

[v∗]−
[
îlin
∗]
J
)

(8.36)

= H +K (8.37)

ŝIνθ(λ̂) =
∂

∂θ

(
ŝIν

T
λ̂
)

(8.38)

=
∂

∂θ

(
JT [ê]

[
îlin
∗]
λ̂+ [e∗] Ŷ

∗T
[v̂] λ̂

)
(8.39)

= JT [ê] [λ̂]
(
−jŶ

∗
[v∗]
)

︸ ︷︷ ︸
∂ îlin

∗
∂θ

+JT
[
îlin
∗]

[λ̂] j [ê]J︸ ︷︷ ︸
∂ê
∂θ

+ [e∗] Ŷ
∗T

[λ̂] j [v̂]J︸ ︷︷ ︸
∂v̂
∂θ

+
[
Ŷ
∗T

[v̂] λ̂
]

(−j [e∗])︸ ︷︷ ︸
∂e∗
∂θ

(8.40)

= j
(

[e∗]
(
Ŷ
∗T

[v̂] [λ̂]J −
[
Ŷ
∗T

[v̂] λ̂
])

− JT [λ̂] [ê]
(
Ŷ
∗

[v∗]−
[
îlin
∗]
J
))

(8.41)
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= j [ν]−1
(

[v∗]
(
Ŷ
∗T

[v̂] [λ̂]J −
[
Ŷ
∗T

[v̂] λ̂
])

− JT [λ̂] [v̂]
(
Ŷ
∗

[v∗]−
[
îlin
∗]
J
))

(8.42)

= jD(H−K) (8.43)

ŝIzrθ(λ̂) =
∂

∂θ

(
ŝIzr

T
λ̂
)

(8.44)

=
∂

∂θ

(
L̂
∗T

[v̂] λ̂
)

(8.45)

= L̂
∗T

[λ̂]J(j [v]) (8.46)

= jL̂
∗T

[λ̂] [v̂]J (8.47)

= jLT (8.48)

ŝIziθ(λ̂) =
∂

∂θ

(
ŝIzi

T
λ̂
)

= −jŝIzrθ(λ̂) = LT (8.49)

ŝIθν(λ̂) =
∂

∂ν

(
ŝIθ

T
λ̂
)

(8.50)

= j
((
JT [λ̂] [v̂] Ŷ

∗
−
[
Ŷ
∗T

[v̂] λ̂
])

[v∗]

−
(

[v∗] Ŷ
∗T
− JT

[
îlin
∗])

[v̂] [λ̂]JT
)

[ν]−1 (8.51)

= j(HT −KT)D = ŝIνθ
T
(λ̂) (8.52)

ŝIνν(λ̂) =
∂

∂ν

(
ŝIν

T
λ̂
)

(8.53)

=
∂

∂ν

(
JT [ê]

[
îlin
∗]
λ̂+ [e∗] Ŷ

∗T
[v̂] λ̂

)
(8.54)

= JT [ê] [λ̂] Ŷ
∗

[e∗]︸ ︷︷ ︸
∂ îlin

∗
∂ν

+JT
[
îlin
∗]

[λ̂] 0︸︷︷︸
∂ê
∂ν

+ [e∗] Ŷ
∗T

[λ̂] [ê]J︸︷︷︸
∂v̂
∂ν

+
[
Ŷ
∗T

[v̂] λ̂
]

0︸︷︷︸
∂ê∗
∂ν

(8.55)

= [ν]−1
(
JT [λ̂] [v̂] Ŷ

∗
[v∗] + [v∗] Ŷ

∗T
[v̂] [λ̂]J

)
[ν]−1 (8.56)

= D(G + GT)D (8.57)
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ŝIzrν(λ̂) =
∂

∂ν

(
ŝIzr

T
λ̂
)

(8.58)

=
∂

∂ν

(
L̂
∗T

[v̂] λ̂
)

(8.59)

= L̂
∗T

[λ̂]J [e] (8.60)

= L̂
∗T

[λ̂] [ê]J (8.61)

=MT (8.62)

ŝIziν(λ̂) =
∂

∂ν

(
ŝIzi

T
λ̂
)

= −jŝIzrν(λ̂) = −jMT (8.63)

ŝIθzr(λ̂) =
∂

∂zr

(
ŝIθ

T
λ̂
)

(8.64)

=
∂

∂zr

(
j
(
JT
[
îlin
∗]

[v̂]− [v∗] Ŷ
∗T

[v̂]
)
λ̂
)

(8.65)

= jJT [λ̂] [v̂]
∂ îlin

∗

∂zr
(8.66)

= jJT [λ̂] [v̂] L̂
∗

(8.67)

= jL = ŝIzrθ
T
(λ̂) (8.68)

ŝIνzr(λ̂) =
∂

∂zr

(
ŝIν

T
λ̂
)

(8.69)

=
∂

∂zr

(
JT [ê]

[
îlin
∗]
λ̂+ [e∗] Ŷ

∗T
[v̂] λ̂

)
(8.70)

= JT [λ̂] [ê]
∂ îlin

∗

∂zr
(8.71)

= JT [λ̂] [ê] L̂
∗

(8.72)

=M = ŝIzrν
T
(λ̂) (8.73)

ŝIθzi(λ̂) =
∂

∂zi

(
ŝIθ

T
λ̂
)

= −jŝIθzr = L = ŝIziθ
T
(λ̂) (8.74)

ŝIνzi(λ̂) =
∂

∂zi

(
ŝIν

T
λ̂
)

= −jŝIνzr = −jM = ŝIziν
T
(λ̂) (8.75)

ŝIzrzr(λ̂) = ŝIzrzi(λ̂) = ŝIzizr(λ̂) = ŝIzizi(λ̂) = 0 (8.76)
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8.2 Cartesian

We define the following terms, both for notational convenience for the derivations
and for computational savings during computation of the derivatives.

A =
[
îlin
∗]
J (8.77)

B = [v̂] Ŷ
∗

(8.78)

C = [v̂] L̂
∗

(8.79)

D = JT [λ̂] (8.80)

E = DŶ
∗

(8.81)

F = E + ET (8.82)

G = j
(
E − ET

)
(8.83)

H = DL̂
∗

(8.84)

8.2.1 First Derivatives

ŝIx =
∂ŝI

∂x
=
[

∂ŝI

∂u
∂ŝI

∂w
∂ŝI

∂zr
∂ŝI

∂zi

]
(8.85)

=
[
A+ B j (A− B) C jC

]
(8.86)

ŝIu =
∂ŝI

∂u
=
[
îlin
∗] ∂v̂

∂u
+ [v̂]

∂ îlin
∗

∂u
(8.87)

=
[
îlin
∗]
J + [v̂] Ŷ

∗
(8.88)

= A+ B (8.89)

ŝIw =
∂ŝI

∂w
=
[
îlin
∗] ∂v̂

∂w
+ [v̂]

∂ îlin
∗

∂w
(8.90)

= j
([

îlin
∗]
J − [v̂] Ŷ

∗)
(8.91)

= j (A− B) (8.92)

ŝIzr =
∂ŝI

∂zr
= [v̂] îlinzr

∗
+
[
îlin
∗]

v̂zr (8.93)

= [v̂] L̂
∗

= C (8.94)
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ŝIzi =
∂ŝI

∂zi
= −jŝIzr = −jC (8.95)

8.2.2 Second Derivatives

ŝIxx(λ̂) =
∂

∂x

(
ŝIx

T
λ̂
)

(8.96)

=




ŝIuu(λ̂) ŝIuw(λ̂) ŝIuzr(λ̂) ŝIuzi(λ̂)

ŝIwu(λ̂) ŝIww(λ̂) ŝIwzr(λ̂) ŝIwzi(λ̂)

ŝIzru(λ̂) ŝIzrw(λ̂) 0 0

ŝIziu(λ̂) ŝIziw(λ̂) 0 0


 (8.97)

=




F GT H −jH
G F jH H
HT jHT 0 0
−jHT HT 0 0


 (8.98)

ŝIuu(λ̂) =
∂

∂u

(
ŝIu

T
λ̂
)

(8.99)

=
∂

∂u

((
JT
[
îlin
∗]

+ Ŷ
∗T

[v̂]
)
λ̂
)

(8.100)

=
∂

∂u

(
JT [λ̂] îlin

∗
+ Ŷ

∗T
[λ̂] v̂

)
(8.101)

= JT [λ̂] Ŷ
∗

+ Ŷ
∗T

[λ̂]J (8.102)

= F (8.103)

ŝIwu(λ̂) =
∂

∂u

(
ŝIw

T
λ̂
)

(8.104)

=
∂

∂u

(
j
(
JT
[
îlin
∗]
− Ŷ

∗T
[v̂]
)
λ̂
)

(8.105)

= j
∂

∂u

(
JT [λ̂] îlin

∗
− Ŷ

∗T
[λ̂] v̂

)
(8.106)

= j
(
JT [λ̂] Ŷ

∗
− Ŷ

∗T
[λ̂]J

)
(8.107)

= G (8.108)
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ŝIzru(λ̂) =
∂

∂u

(
ŝIzr

T
λ̂
)

(8.109)

=
∂

∂u

(
L̂
∗T

[v̂] λ̂
)

(8.110)

= L̂
∗T

[λ̂]J (8.111)

= HT (8.112)

ŝIziu(λ̂) =
∂

∂u

(
ŝIzi

T
λ̂
)

= −jŝIzru(λ̂) = −jHT (8.113)

ŝIuw(λ̂) =
∂

∂w

(
ŝIu

T
λ̂
)

(8.114)

=
∂

∂w

((
JT
[
îlin
∗]

+ Ŷ
∗T

[v̂]
)
λ̂
)

(8.115)

=
∂

∂w

(
JT [λ̂] îlin

∗
+ Ŷ

∗T
[λ̂] v̂

)
(8.116)

= j
(
Ŷ
∗T

[λ̂]J − JT [λ̂] Ŷ
∗)

(8.117)

= GT = ŝIwu
T
(λ̂) (8.118)

ŝIww(λ̂) =
∂

∂w

(
ŝIw

T
λ̂
)

(8.119)

=
∂

∂w

(
j
(
JT
[
îlin
∗]
− Ŷ

∗T
[v̂]
)
λ̂
)

(8.120)

= j
∂

∂w

(
JT [λ̂] îlin

∗
− Ŷ

∗T
[λ̂] v̂

)
(8.121)

= j
(
JT [λ̂] (−jŶ

∗
)− Ŷ

∗T
[λ̂] (jJ)

)
(8.122)

= JT [λ̂] Ŷ
∗

+ Ŷ
∗T

[λ̂]J (8.123)

= F (8.124)

ŝIzrw(λ̂) =
∂

∂w

(
ŝIzr

T
λ̂
)

(8.125)

=
∂

∂w

(
L̂
∗T

[v̂] λ̂
)

(8.126)

= jL̂
∗T

[λ̂]J (8.127)

= jHT (8.128)
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ŝIziw(λ̂) =
∂

∂w

(
ŝIzi

T
λ̂
)

= −jŝIzrw(λ̂) = HT (8.129)

ŝIuzr(λ̂) =
∂

∂zr

(
ŝIu

T
λ̂
)

(8.130)

=
∂

∂zr

((
JT
[
îlin
∗]

+ Ŷ
∗T

[v̂]
)
λ̂
)

(8.131)

= JT [λ̂]
∂ îlin

∗

∂zr
(8.132)

= JT [λ̂] L̂
∗

(8.133)

= H = ŝIzru
T
(λ̂) (8.134)

ŝIwzr(λ̂) =
∂

∂zr

(
ŝIw

T
λ̂
)

(8.135)

=
∂

∂zr

(
j
(
JT
[
îlin
∗]
− Ŷ

∗T
[v̂]
)
λ̂
)

(8.136)

= jJT [λ̂]
∂ilin

∗

∂zr
(8.137)

= jJT [λ̂] L̂
∗

(8.138)

= jH = ŝIzrw
T
(λ̂) (8.139)

ŝIwzi(λ̂) =
∂

∂zi

(
ŝIw

T
λ̂
)

= −jŝIwzr(λ̂) = H = ŝIziw
T
(λ̂) (8.140)

ŝIzrzr(λ̂) = ŝIzrzi(λ̂) = ŝIzizr(λ̂) = ŝIzizi(λ̂) = 0 (8.141)
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9 Complex Current from Linear Power Term

This section considers the derivatives of the complex current injection term iS defined
in (3.13), namely,

îS(x) =
[
ŝlin(x)

]∗
Λ̂
∗

(9.1)

=
[
M̂v + N̂z + ŝ

]∗
Λ̂
∗
. (9.2)

9.1 Polar

We define the following terms, both for notational convenience for the derivations
and for computational savings during computation of the derivatives.

A = [Λ̂
∗
]
[
ŝlin
∗
]
J (9.3)

B = [Λ̂
∗
] M̂

∗
(9.4)

C = A− B [v∗] (9.5)

= [Λ̂
∗
]
[
ŝlin
∗
]
J − [Λ̂

∗
] M̂

∗
[v∗] (9.6)

D = [ν]−1 (9.7)

E = [Λ̂
∗
] N̂
∗

(9.8)

F = JT [λ̂] (9.9)

G = FB [v∗] (9.10)

H =
[
BTλ̂

]
[v∗] (9.11)

K = (FA)T (9.12)

L = G + GT −H−K (9.13)

M = D
(
2K − G − GT

)
D (9.14)

N = FE (9.15)

(9.16)
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9.1.1 First Derivatives

îSx =
∂ îS

∂x
=
[

∂ îS

∂θ
∂ îS

∂ν
∂ îS

∂zr
∂ îS

∂zi

]
(9.17)

=
[
jC −CD E −jE

]
(9.18)

îSθ =
∂ îS

∂θ
=
[
ŝlin
∗
]
j [Λ̂

∗
]J︸ ︷︷ ︸

∂Λ̂
∗

∂θ

+ [Λ̂
∗
]
(
−jM̂

∗
[v∗]
)

︸ ︷︷ ︸
∂ŝlin

∗
∂θ

(9.19)

= j [Λ̂
∗
]
([

ŝlin
∗
]
J − M̂

∗
[v∗]
)

(9.20)

= jC (9.21)

îSν =
∂ îS

∂ν
=
[
ŝlin
∗
] (
− [ν̂]−1 [Λ̂

∗
]J
)

︸ ︷︷ ︸
∂Λ̂

∗
∂ν

+ [Λ̂
∗
] M̂

∗
[ν]−1 [v∗]︸ ︷︷ ︸
∂ŝlin

∗
∂ν

(9.22)

= − [Λ̂
∗
]
([

ŝlin
∗
]
J − M̂

∗
[v∗]
)

[ν]−1 (9.23)

= −CD (9.24)

îSzr =
∂ îS

∂zr
=
[
ŝlin
∗
]

0︸︷︷︸
∂Λ̂

∗
∂zr

+ [Λ̂
∗
] N̂

∗

︸︷︷︸
∂ŝlin

∗
∂zr

(9.25)

= [Λ̂
∗
] N̂
∗

(9.26)

= E (9.27)

îSzi =
∂ îS

∂zi
= −j îSzr = −jE (9.28)
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9.1.2 Second Derivatives

Since iSzr and iSzi are constant with respect to zr and zi, all second derivatives involv-
ing only zr and zi are zero. Some of the second derivatives of iS are derived using
the first derivatives of CTλ̂, which are derived first as follows.

∂

∂θ

(
CTλ̂

)
=

∂

∂θ

((
JT
[
ŝlin
∗
]
− [v∗] M̂

∗T)
[Λ̂
∗
] λ̂
)

(9.29)

=
∂

∂θ

(
JT
[
ŝlin
∗
]

[Λ̂
∗
] λ̂
)
− ∂

∂θ

(
[v∗] M̂

∗T
[Λ̂
∗
] λ̂
)

(9.30)

= JT
[
ŝlin
∗
]

[λ̂] j [Λ̂
∗
]J︸ ︷︷ ︸

∂Λ̂
∗

∂θ

+JT [Λ̂
∗
] [λ̂] (−jM̂

∗
[v∗])︸ ︷︷ ︸

∂ŝlin
∗

∂θ

− [v∗] M̂
∗T

[λ̂] j [Λ̂
∗
]J︸ ︷︷ ︸

∂Λ̂
∗

∂θ

−
[
M̂
∗T

[Λ̂
∗
] λ̂
]

(−j [v∗])︸ ︷︷ ︸
∂v∗
∂θ

(9.31)

= −j
(
JT [Λ̂

∗
] [λ̂] M̂

∗
[v∗] + [v∗] M̂

∗T
[λ̂] [Λ̂

∗
]J

−
[
M̂
∗T

[Λ̂
∗
] λ̂
]

[v∗]− JT
[
ŝlin
∗
]

[λ̂] [Λ̂
∗
]J
)

(9.32)

= −jL (9.33)

∂

∂ν

(
CTλ̂

)
=

∂

∂ν

((
JT
[
ŝlin
∗
]
− [v∗] M̂

∗T)
[Λ̂
∗
] λ̂
)

(9.34)

=
∂

∂ν

(
JT
[
ŝlin
∗
]

[Λ̂
∗
] λ̂
)
− ∂

∂ν

(
[v∗] M̂

∗T
[Λ̂
∗
] λ̂
)

(9.35)

= JT
[
ŝlin
∗
]

[λ̂] (− [ν̂]−1 [Λ̂
∗
]J)︸ ︷︷ ︸

∂Λ̂
∗

∂ν

+JT [Λ̂
∗
] [λ̂] (M̂

∗
[e∗])︸ ︷︷ ︸

∂ŝlin
∗

∂ν

− [v∗] M̂
∗T

[λ̂] (− [ν̂]−1 [Λ̂
∗
]J)︸ ︷︷ ︸

∂Λ̂
∗

∂ν

−
[
M̂
∗T

[Λ̂
∗
] λ̂
]

[e∗]︸︷︷︸
∂v∗
∂ν

(9.36)

=
(
JT [Λ̂

∗
] [λ̂] M̂

∗
[v∗] + [v∗] M̂

∗T
[λ̂] [Λ̂

∗
]J

−
[
M̂
∗T

[Λ̂
∗
] λ̂
]

[v∗]− JT
[
ŝlin
∗
]

[λ̂] [Λ̂
∗
]J
)

[ν]−1 (9.37)

= LD (9.38)
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∂

∂zr

(
CTλ̂

)
=

∂

∂zr

((
JT
[
ŝlin
∗
]
− [v∗] M̂

∗T)
[Λ̂
∗
] λ̂
)

(9.39)

=
∂

∂zr

(
JT
[
ŝlin
∗
]

[Λ̂
∗
] λ̂
)

(9.40)

= JT [λ̂] [Λ̂
∗
] N̂

∗

︸︷︷︸
∂ŝlin

∗
∂zr

(9.41)

= JT [λ̂] E = N (9.42)

∂

∂zi

(
CTλ̂

)
= −j ∂

∂zr

(
CTλ̂

)
= −jN (9.43)

The second derivatives of iS are then derived as follows.

îSxx(λ̂) =
∂

∂x

(
îSx

T
λ̂
)

(9.44)

=




îSθθ(λ̂) îSθν(λ̂) îSθzr(λ̂) îSθzi(λ̂)

îSνθ(λ̂) îSνν(λ̂) îSνzr(λ̂) îSνzi(λ̂)

îSzrθ(λ̂) îSzrν(λ̂) 0 0

îSziθ(λ̂) îSziν(λ̂) 0 0


 (9.45)

=




L jLTD jN N
jDL M −DN jDN
jN T −N TD 0 0
N T jN TD 0 0


 (9.46)

îSθθ(λ̂) =
∂

∂θ

(
îSθ

T
λ̂
)

=
∂

∂θ

(
jCTλ̂

)
= j

∂

∂θ

(
CTλ̂

)
(9.47)

= j(−jL) (9.48)

= L (9.49)

îSνθ(λ̂) =
∂

∂θ

(
îSν

T
λ̂
)

=
∂

∂θ

(
− [ν]−1 CTλ̂

)
= − [ν]−1 ∂

∂θ

(
CTλ̂

)
(9.50)

= − [ν]−1 (−jL) (9.51)

= jDL (9.52)
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îSzrθ(λ̂) =
∂

∂θ

(
îSzr

T
λ̂
)

(9.53)

=
∂

∂θ

(
N̂
∗T

[Λ̂
∗
] λ̂
)

(9.54)

= N̂
∗T

[λ̂] Λ̂
∗
θ (9.55)

= N̂
∗T

[λ̂]Jj [Λ∗] (9.56)

= jN̂
∗T

[λ̂] [Λ̂
∗
]J (9.57)

= jN T (9.58)

îSziθ(λ̂) =
∂

∂θ

(
îSzi

T
λ̂
)

= −j îSzrθ(λ̂) = N T (9.59)

îSθν(λ̂) =
∂

∂ν

(
îSθ

T
λ̂
)

=
∂

∂ν

(
jCTλ̂

)
= j

∂

∂ν

(
CTλ̂

)
(9.60)

= jLTD = îSνθ
T
(λ̂) (9.61)

îSνν(λ̂) =
∂

∂ν

(
îSν

T
λ̂
)

=
∂

∂ν

(
− [ν]−1 CTλ̂

)
(9.62)

= − [ν]−1 ∂

∂ν

(
CTλ̂

)
−
[
CTλ̂

] ∂

∂ν

(
ν−1

)
(9.63)

= − [ν]−1 L [ν]−1 +
[
CTλ̂

]
[ν]−2 (9.64)

= − [ν]−1
(
L −

[
CTλ̂

])
[ν]−1 (9.65)

= − [ν]−1
(
JT [Λ̂

∗
] [λ̂] M̂

∗
[v∗] + [v∗] M̂

∗T
[λ̂] [Λ̂

∗
]J

−
[
M̂
∗T

[Λ̂
∗
] λ̂
]

[v∗]− JT
[
ŝlin
∗
]

[λ̂] [Λ̂
∗
]J

−
[(
JT
[
ŝlin
∗
]
− [v∗] M̂

∗T)
[Λ̂
∗
] λ̂
])

[ν]−1 (9.66)

= − [ν]−1
(
JT [Λ̂

∗
] [λ̂] M̂

∗
[v∗] + [v∗] M̂

∗T
[λ̂] [Λ̂

∗
]J

−
[
M̂
∗T

[Λ̂
∗
] λ̂
]

[v∗]− JT
[
ŝlin
∗
]

[λ̂] [Λ̂
∗
]J

− JT
[
ŝlin
∗
]

[λ̂] [Λ̂
∗
]J +

[
M̂
∗T

[Λ̂
∗
] λ̂
]

[v∗]
)

[ν]−1 (9.67)
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= [ν]−1
(

2JT
[
ŝlin
∗
]

[λ̂] [Λ̂
∗
]J

− JT [Λ̂
∗
] [λ̂] M̂

∗
[v∗]− [v∗] M̂

∗T
[λ̂] [Λ̂

∗
]J
)

[ν]−1 (9.68)

=M (9.69)

îSzrν(λ̂) =
∂

∂ν

(
îSzr

T
λ̂
)

(9.70)

=
∂

∂ν

(
N̂
∗T

[Λ̂
∗
] λ̂
)

(9.71)

= N̂
∗T

[λ̂] Λ̂
∗
ν (9.72)

= −N̂
∗T

[λ̂]J [ν]−1 [Λ∗] (9.73)

= −N̂
∗T

[λ̂] [Λ̂
∗
]J [ν]−1 (9.74)

= −N TD (9.75)

îSziν(λ̂) =
∂

∂ν

(
îSzi

T
λ̂
)

= −j îSzrν(λ̂) = jN TD (9.76)

îSθzr(λ̂) =
∂

∂zr

(
îSθ

T
λ̂
)

=
∂

∂zr

(
jCTλ̂

)
= j

∂

∂zr

(
CTλ̂

)
(9.77)

= jJT [λ̂] [Λ̂
∗
] N̂
∗

(9.78)

= jN = îSzrθ
T
(λ̂) (9.79)

îSνzr(λ̂) =
∂

∂zr

(
îSν

T
λ̂
)

=
∂

∂zr

(
− [ν]−1 CTλ̂

)
= − [ν]−1 ∂

∂zr

(
CTλ̂

)
(9.80)

= − [ν]−1 JT [λ̂] [Λ̂
∗
] N̂
∗

(9.81)

= −DN = îSzrν
T
(λ̂) (9.82)

îSθzi(λ̂) =
∂

∂zi

(
îSθ

T
λ̂
)

= −j îSθzr(λ̂) = N = îSziθ
T
(λ̂) (9.83)
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îSνzi(λ̂) =
∂

∂zi

(
îSν

T
λ̂
)

= −j îSνzr(λ̂) = jDN = îSziν
T
(λ̂) (9.84)

îSzrzr(λ̂) = îSzrzi(λ̂) = îSzizr(λ̂) = îSzizi(λ̂) = 0 (9.85)

9.2 Cartesian

We define the following terms, both for notational convenience for the derivations
and for computational savings during computation of the derivatives.

A = [Λ̂
∗
] M̂

∗
(9.86)

B = [Λ̂
∗
] N̂
∗

(9.87)

C =
[
ŝlin
∗
]

[Λ̂
∗
]2 J (9.88)

D = JT [λ̂] [Λ̂
∗
] (9.89)

E = A− C (9.90)

F = DE (9.91)

G = −
(
FT + F

)
(9.92)

H = −DB (9.93)

9.2.1 First Derivatives

îSx =
∂ îS

∂x
=
[

∂ îS

∂u
∂ îS

∂w
∂ îS

∂zr
∂ îS

∂zi

]
(9.94)

=
[
E −jE B −jB

]
(9.95)

îSu =
∂ îS

∂u
=
[
ŝlin
∗
]

(− [Λ̂
∗
]2 J)︸ ︷︷ ︸

∂Λ̂
∗

∂u

+ [Λ̂
∗
] M̂

∗

︸︷︷︸
∂ŝlin

∗
∂u

(9.96)

= [Λ̂
∗
] M̂

∗
−
[
ŝlin
∗
]

[Λ̂
∗
]2 J (9.97)

= E (9.98)
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îSw =
∂ îS

∂w
=
[
ŝlin
∗
]
j [Λ̂

∗
]2 J︸ ︷︷ ︸

∂Λ̂
∗

∂w

+ [Λ̂
∗
] (−jM̂

∗
)︸ ︷︷ ︸

∂ŝlin
∗

∂w

(9.99)

= −j
(

[Λ̂
∗
] M̂

∗
−
[
ŝlin
∗
]

[Λ̂
∗
]2 J
)

(9.100)

= −jE (9.101)

îSzr =
∂ îS

∂zr
=
[
ŝlin
∗
]

0︸︷︷︸
∂Λ̂

∗
∂zr

+ [Λ̂
∗
] N̂

∗

︸︷︷︸
∂ŝlin

∗
∂zr

(9.102)

= [Λ̂
∗
] N̂
∗

(9.103)

= B (9.104)

îSzi =
∂ îS

∂zi
= −j îSzr = −jB (9.105)

9.2.2 Second Derivatives

Since iSzr and iSzi are constant with respect to zr and zi, all second derivatives involv-
ing only zr and zi are zero. Some of the second derivatives of iS are derived using
the first derivatives of ETλ̂, which are derived first as follows.

∂

∂u

(
ETλ̂

)
=

∂

∂u

((
M̂
∗T

[Λ̂
∗
]− JT

[
ŝlin
∗
]

[Λ̂
∗
]2
)
λ̂
)

(9.106)

=
∂

∂u

(
M̂
∗T

[Λ̂
∗
] λ̂
)
− ∂

∂u

(
JT
[
ŝlin
∗
]

[Λ̂
∗
]2 λ̂
)

(9.107)

= M̂
∗T

[λ̂] (− [Λ̂
∗
]2 J)︸ ︷︷ ︸

∂Λ̂
∗

∂u

− JT
[
ŝlin
∗
]

[λ̂] 2 [Λ̂
∗
] (− [Λ̂

∗
]2 J)︸ ︷︷ ︸

∂(Λ̂
∗
)2

∂u

−JT [Λ̂
∗
]2 [λ̂] M̂

∗

︸︷︷︸
∂ŝlin

∗
∂u

(9.108)

= 2JT
[
ŝlin
∗
]

[λ̂] [Λ̂
∗
]3 J

−
(
M̂
∗T

[λ̂] [Λ̂
∗
]2 J + JT [Λ̂

∗
]2 [λ̂] M̂

∗)
(9.109)

= G (9.110)
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∂

∂w

(
ETλ̂

)
=

∂

∂w

((
M̂
∗T

[Λ̂
∗
]− JT

[
ŝlin
∗
]

[Λ̂
∗
]2
)
λ̂
)

(9.111)

=
∂

∂w

(
M̂
∗T

[Λ̂
∗
] λ̂
)
− ∂

∂w

(
JT
[
ŝlin
∗
]

[Λ̂
∗
]2 λ̂
)

(9.112)

= M̂
∗T

[λ̂] j [Λ̂
∗
]2 J︸ ︷︷ ︸

∂Λ̂
∗

∂w

−
[
ŝlin
∗
]

[λ̂] 2 [Λ̂
∗
] (j [Λ̂

∗
]2 J)︸ ︷︷ ︸

∂(Λ̂
∗
)2

∂w

−JT [Λ̂
∗
]2 [λ̂] (−jM̂

∗
)︸ ︷︷ ︸

∂ŝlin
∗

∂w

(9.113)

= −j
(

2JT
[
ŝlin
∗
]

[λ̂] [Λ̂
∗
]3 J

− M̂
∗T

[λ̂] [Λ̂
∗
]2 J − JT [Λ̂

∗
]2 [λ̂] M̂

∗)
(9.114)

= −jG (9.115)

∂

∂zr

(
ETλ̂

)
=

∂

∂zr

((
M̂
∗T

[Λ̂
∗
]− JT

[
ŝlin
∗
]

[Λ̂
∗
]2
)
λ̂
)

(9.116)

= −JT ∂

∂zr

([
ŝlin
∗
]

[Λ̂
∗
]2 λ̂
)

(9.117)

= −JT [λ̂] [Λ̂
∗
]2 N̂

∗

︸︷︷︸
∂ŝlin

∗
∂zr

(9.118)

= H (9.119)

∂

∂zi

(
ETλ̂

)
= −j ∂

∂zr

(
ETλ̂

)
= −jH (9.120)
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The second derivatives of iS are then derived as follows.

îSxx(λ̂) =
∂

∂x

(
îSx

T
λ̂
)

(9.121)

=




îSuu(λ̂) îSuw(λ̂) îSuzr(λ̂) îSuzi(λ̂)

îSwu(λ̂) îSww(λ̂) îSwzr(λ̂) îSwzi(λ̂)

îSzru(λ̂) îSzrw(λ̂) 0 0

îSziu(λ̂) îSziw(λ̂) 0 0


 (9.122)

=




G −jG H −jH
−jG −G −jH −H
HT −jHT 0 0
−jHT −HT 0 0


 (9.123)

îSuu(λ̂) =
∂

∂u

(
îSu

T
λ̂
)

=
∂

∂u

(
ETλ̂

)
(9.124)

= G (9.125)

îSwu(λ̂) =
∂

∂u

(
îSw

T
λ̂
)

= −j îSuu(λ̂) = −jG (9.126)

îSzru(λ̂) =
∂

∂u

(
îSzr

T
λ̂
)

=
∂

∂u

(
BTλ̂

)
(9.127)

=
∂

∂u

(
N̂
∗T

[Λ̂
∗
] λ̂
)

(9.128)

= N̂
∗T

[λ̂] (− [Λ̂
∗
]2 J)︸ ︷︷ ︸

∂Λ̂
∗

∂u

(9.129)

= −N̂
∗T

[Λ̂
∗
]2 [λ̂]J (9.130)

= HT (9.131)

îSziu(λ̂) =
∂

∂u

(
îSzi

T
λ̂
)

= −j îSzru(λ̂) = −jHT (9.132)
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îSuw(λ̂) =
∂

∂w

(
îSu

T
λ̂
)

=
∂

∂w

(
ETλ̂

)
(9.133)

= −jG (9.134)

îSww(λ̂) =
∂

∂w

(
îSw

T
λ̂
)

= −j îSuw(λ̂) = −G (9.135)

îSzrw(λ̂) =
∂

∂w

(
îSzr

T
λ̂
)

=
∂

∂w

(
BTλ̂

)
(9.136)

=
∂

∂w

(
N̂
∗T

[Λ̂
∗
] λ̂
)

(9.137)

= N̂
∗T

[λ̂] j [Λ̂
∗
]2 J︸ ︷︷ ︸

∂Λ̂
∗

∂w

(9.138)

= jN̂
∗T

[λ̂] [Λ̂
∗
]2 J (9.139)

= −jHT (9.140)

îSziw(λ̂) =
∂

∂w

(
îSzi

T
λ̂
)

= −j îSzrw(λ̂) = −HT (9.141)

îSuzr(λ̂) =
∂

∂zr

(
îSu

T
λ̂
)

=
∂

∂zr

(
ETλ̂

)
(9.142)

= H = îSzru
T
(λ̂) (9.143)

îSwzr(λ̂) =
∂

∂zr

(
îSw

T
λ̂
)

= −j îSuzr(λ̂) = −jH = îSzrw
T
(λ̂) (9.144)

îSuzi(λ̂) =
∂

∂zi

(
îSu

T
λ̂
)

= −j îSuzr(λ̂) = −jH = îSziu
T
(λ̂) (9.145)

îSwzi(λ̂) =
∂

∂zi

(
îSw

T
λ̂
)

= −j îSwzr(λ̂) = −H = îSziw
T
(λ̂) (9.146)

îSzrzr(λ̂) = îSzrzi(λ̂) = îSzizr(λ̂) = îSzizi(λ̂) = 0 (9.147)
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10 SQUARE OF COMPLEX PORT INJECTIONS

10 Square of Complex Port Injections

For a complex port injection function g(x), representing the complex power or com-
plex current injections, let h(x) represent the squared magnitudes of the injections.

h(x) = [g(x)]∗g(x) (10.1)

The derivatives of h can then be expressed in terms of the derivatives of g as follows.

10.1 First Derivatives

hx = [g∗] gx + [g] gx
∗ (10.2)

= [g∗] gx + ([g∗] gx)∗ (10.3)

= 2 · <{[g∗] gx} (10.4)

= 2 · (<{[g]}<{gx}+ ={[g]}={gx}) (10.5)

10.2 Second Derivatives

hxx(µ) =
∂

∂x

(
hx

Tµ
)

(10.6)

=
∂

∂x

(
gx

T [g∗]µ+ gx
∗T [g]µ

)
(10.7)

= gxx([g∗]µ) + gx
T [µ] gx

∗ + gxx
∗([g]µ) + gx

∗T [µ] gx (10.8)

= 2 · <
{
gxx([g∗]µ) + gx

T [µ] gx
∗} (10.9)
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11 SQUARE OF REAL PORT INJECTIONS

11 Square of Real Port Injections

For a real port injection function g(x), representing the real power injections, let
h(x) represent the square of the injections.

h(x) = [g(x)] g(x) (11.1)

The derivatives of h can then be expressed in terms of the derivatives of g as follows.

11.1 First Derivatives

hx = 2 [g] gx (11.2)

11.2 Second Derivatives

hxx(µ) =
∂

∂x

(
hx

Tµ
)

(11.3)

=
∂

∂x

(
2gx

T [g]µ
)

(11.4)

= 2
(
gxx([g]µ) + gx

T [µ] gx
)

(11.5)
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12 NODE BALANCE CONSTRAINTS

12 Node Balance Constraints

12.1 AC Model

For the AC model, the standard KCL or node balance constraints are expressed as
a complex vector equality in the following form.

gkcl(x) = 0 (12.1)

If only a subset, indexed by k1, of the node balance constraints are needed, let
Jk1 be the corresponding matrix (see Section 2.2) used to select the constraints of
interest, and let Jk2 be used to select the corresponding ports of the aggregate model
as represented by gS and gI . That is, k2 is a vector containing the index of each
column of C with a non-zero in any row in k1. Then we can define the following.

ĝkcl(x) = Jk1g
kcl(x) (12.2)

Ĉ = Jk1CJk2
T (12.3)

ĝS(x) = Jk2g
S(x) ĝS,sys(x) = Jk2g

S,sys(x) (12.4)

ĝI(x) = Jk2g
I(x) ĝI,sys(x) = Jk2g

I,sys(x) (12.5)

12.1.1 Power Balance

For complex power balance, gkcl(x) and its derivatives are defined from (4.24)–(4.31)
in terms of gS,sys or gS using the aggregate model for the entire system.

gkcl(x) = CgS,sys(x) = CgS(A′
T
x) (12.6)

And for only selected constraints of interest, we have the following.

ĝkcl(x) = ĈĝS,sys(x) = ĈĝS(A′
T
x) (12.7)

ĝkcl
x = ĈĝS,sys

x = ĈĝSxA
′T (12.8)

= Ĉ
(
ŝIx + ŝlinx + ŝnlnx

)
A′

T
(12.9)

ĝkcl
xx(λ̂) = ĝS,sys

xx (Ĉ
T
λ̂) = A′ĝSxx(Ĉ

T
λ̂)A′

T
(12.10)

= A′
(
ŝIxx(Ĉ

T
λ̂) + ŝlinxx(Ĉ

T
λ̂) + ŝnlnxx (Ĉ

T
λ̂)
)
A′

T
(12.11)
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12.2 DC Model 12 NODE BALANCE CONSTRAINTS

12.1.2 Current Balance

For complex current balance, gkcl(x) and its derivatives are defined from (4.32)–
(4.39) in terms of gI,sys or gI using the aggregate model for the entire system.

gkcl(x) = CgI,sys(x) = CgI(A′
T
x) (12.12)

And for only selected constraints of interest, we have the following.

ĝkcl(x) = ĈĝI,sys(x) = ĈĝI(A′
T
x) (12.13)

ĝkcl
x = ĈĝI,sys

x = ĈĝIxA
′T (12.14)

= Ĉ
(
îlinx + îSx + înlnx

)
A′

T
(12.15)

ĝkcl
xx(λ̂) = ĝI,sys

xx (Ĉ
T
λ̂) = A′ĝIxx(Ĉ

T
λ̂)A′

T
(12.16)

= A′
(
îlinxx(Ĉ

T
λ̂) + îSxx(Ĉ

T
λ̂) + înlnxx (Ĉ

T
λ̂)
)
A′

T
(12.17)

12.2 DC Model

For the DC model, the standard KCL or node balance constraints are expressed as
a real vector equality in the following form.

gkcl(x) = 0 (12.18)

The real power balance function, gkcl(x) and its derivatives are defined from
(4.40)–(4.43) in terms of gP,sys or gP using the aggregate model for the entire system.

gkcl(x) = CgP,sys(x) = CgP (ATx) (12.19)

And for only selected constraints of interest, we have the following.

ĝkcl(x) = ĈĝP,sys(x) = ĈĝP (ATx) (12.20)

ĝkcl
x = ĈĝP,sys

x = ĈĝPxA
T (12.21)

= ĈJk2
[
BCT KDT

]
(12.22)

= Ĉ
[
B̂CT K̂DT

]
(12.23)
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13 BRANCH FLOW CONSTRAINTS

13 Branch Flow Constraints

The branch flow constraints can be expressed as a real vector inequality of the form

hflow(x) ≤ 0. (13.1)

In each of the cases below, the flow constraint is based on a set of port injections
from the aggregate model for transmission lines. We will define either a complex
port injection function h(x) or a real port injection function h(x) to express the
constraint and its derivatives.

13.1 AC Model

13.1.1 Squared Apparent Power

Let h(x) be the complex power port injection function from (4.24)–(4.31) based on
gS,sys or gS, with its derivatives.

h(x) = ĝS,sys(x) = ĝS(A′
T
x) (13.2)

= ŝI(A′
T
x) + ŝlin(A′

T
x) + ŝnln(A′

T
x) (13.3)

hx = ĝS,sys
x = ĝSxA

′T (13.4)

=
(
ŝIx + ŝlinx + ŝnlnx

)
A′

T
(13.5)

hxx(µ) = ĝS,sys
xx (µ) = A′ĝSxx(µ)A′

T
(13.6)

= A′
(
ŝIxx(µ) + ŝlinxx(µ) + ŝnlnxx (µ)

)
A′

T
(13.7)

Then, based on (10.1)–(10.9), the squared apparent power flow constraint and
its derivatives can be written in terms of h as follows, where f

max
is the vector of

specifed apparent power flow limits.

hflow(x) = [h(x)]∗h(x)− f̂ 2

max
(13.8)

=
[
ĝS(A′

T
x)
]∗

ĝS(A′
T
x)− f̂ 2

max
(13.9)

hflow
x = 2 (<{[h]}<{hx}+ ={[h]}={hx}) (13.10)

= 2
([
<
{

ĝS(A′
T
x)
}]
<
{
ĝSx
}

+
[
=
{

ĝS(A′
T
x)
}]
=
{
ĝSx
})
A′

T
(13.11)

hflow
xx (µ) = 2 · <

{
hxx ([h∗]µ) + hx

T [µ] hx
∗} (13.12)
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13.1 AC Model 13 BRANCH FLOW CONSTRAINTS

= 2A′<
{

ĝSxx

([
ĝS(A′

T
x)
]∗
µ
)

+ ĝSx
T

[µ] ĝSx
∗
}
A′

T
(13.13)

13.1.2 Squared Current Magnitude

Let h(x) be the complex current port injection function from (4.32)–(4.39) based on
gI,sys or gI , with its derivatives.

h(x) = ĝI,sys(x) = ĝI(A′
T
x) (13.14)

= îlin(A′
T
x) + îS(A′

T
x) + înln(A′

T
x) (13.15)

hx = ĝI,sys
x = ĝIxA

′T (13.16)

=
(
îlinx + îSx + înlnx

)
A′

T
(13.17)

hxx(µ) = ĝI,sys
xx (µ) = A′ĝIxx(µ)A′

T
(13.18)

= A′
(
îlinxx(µ) + îSxx(µ) + înlnxx (µ)

)
A′

T
(13.19)

Then, based on (10.1)–(10.9), the squared current magnitude constraint and its
derivatives can be written in terms of h as follows, where f

max
is the vector of specifed

current magnitude limits.

hflow(x) = [h(x)]∗h(x)− f̂ 2

max
(13.20)

=
[
ĝI(A′

T
x)
]∗

ĝI(A′
T
x)− f̂ 2

max
(13.21)

hflow
x = 2 (<{[h]}<{hx}+ ={[h]}={hx}) (13.22)

= 2
([
<
{

ĝI(A′
T
x)
}]
<
{
ĝIx
}

+
[
=
{

ĝI(A′
T
x)
}]
=
{
ĝIx
})
A′

T
(13.23)

hflow
xx (µ) = 2 · <

{
hxx ([h∗]µ) + hx

T [µ] hx
∗} (13.24)

= 2A′<
{

ĝIxx

([
ĝI(A′

T
x)
]∗
µ
)

+ ĝIx
T

[µ] ĝIx
∗
}
A′

T
(13.25)

13.1.3 Squared Active Power

Let h(x) be the active power port injection function from (4.24)–(4.31) based on
gS,sys or gS, with its derivatives.

h(x) = <{ĝS,sys(x)} = <{ĝS(A′
T
x)} (13.26)
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13.1 AC Model 13 BRANCH FLOW CONSTRAINTS

= <{ŝI(A′Tx) + ŝlin(A′
T
x) + ŝnln(A′

T
x)} (13.27)

hx = <{ĝS,sys
x } = <{ĝSx}A′

T
(13.28)

= <{ŝIx + ŝlinx + ŝnlnx }A′
T

(13.29)

hxx(µ) = <{ĝS,sys
xx (µ)} = A′<{ĝSxx(µ)}A′T (13.30)

= A′<{ŝIxx(µ) + ŝlinxx(µ) + ŝnlnxx (µ)}A′T (13.31)

Then, based on (11.1)–(11.5), the squared active power flow constraint and its
derivatives can be written in terms of h as follows, where f

max
is the vector of

specifed active power flow limits.

hflow(x) = [h(x)]h(x)− f̂ 2

max
(13.32)

=
[
<{ĝS(A′

T
x)}
]
<{ĝS(A′

T
x)} − f̂ 2

max
(13.33)

hflow
x = 2 [h]hx (13.34)

= 2
[
<{ĝS(A′

T
x)}
]
<{ĝSx}A′

T
(13.35)

hflow
xx (µ) = 2 ·

(
hxx([h]µ) + hx

T [µ]hx
)

(13.36)

= 2A′
(
<
{

ĝSxx(
[
<{ĝS(A′

T
x)}
]
µ)
}

+ <{ĝSx}
T

[µ]<{ĝSx}
)
A′

T
(13.37)
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13.2 DC Model 13 BRANCH FLOW CONSTRAINTS

13.2 DC Model

13.2.1 Squared Active Power

Let h(x) be the active power port injection function from (4.40)–(4.43) based on
gP,sys or gP , with its derivatives.

h(x) = ĝP,sys(x) = ĝP (ATx) (13.38)

hx = ĝP,sys
x = ĝPxA

T (13.39)

=
[
B̂CT K̂DT

]
(13.40)

Then, based on (11.1)–(11.5), the squared active power flow constraint and its
derivatives can be written in terms of h as follows, where f

max
is the vector of

specifed active power flow limits.

hflow(x) = [h(x)]h(x)− f̂ 2

max
(13.41)

=
[
ĝP (ATx)

]
ĝP (ATx)− f̂ 2

max
(13.42)

hflow
x = 2 [h]hx (13.43)

= 2
[
ĝP (ATx)

] [
B̂CT K̂DT

]
(13.44)
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14 REFERENCE VOLTAGE ANGLE CONSTRAINT

14 Reference Voltage Angle Constraint

Voltage angle constraints at reference nodes for the AC polar formulation or for
the DC model appear as simple variable limits, but for the AC model cartesian
formulation the constraint takes the following form.

gref(x) = 0 (14.1)

Let J be the matrix used to select the reference node voltages v̂.

v̂ = Jv. (14.2)

With θref specifying the corresponding desired reference node angles, the angle
constraint function can be written

gref(x) = Jθ(x)− θref (14.3)

= θ̂(x)− θref . (14.4)

The derivatives then are based directly on those from Section 5.3.

14.1 First Derivatives

gref
u =

∂gref

∂u
= θ̂u = − [ν̂]−2 [ŵ]J (14.5)

gref
w =

∂gref

∂w
= θ̂w = [ν̂]−2 [û]J (14.6)

14.2 Second Derivatives

gref
uu(λ) = θ̂uu(λ) = 2JT [λ] [ν̂]−4 [û] [ŵ]J (14.7)

gref
uw(λ) = θ̂uw(λ) = JT [λ] [ν̂]−4 ([ŵ]2 − [û]2

)
J (14.8)

gref
wu(λ) = θ̂wu(λ) = JT [λ] [ν̂]−4 ([ŵ]2 − [û]2

)
J (14.9)

gref
ww(λ) = θ̂ww(λ) = −2JT [λ] [ν̂]−4 [û] [ŵ]J (14.10)
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15 VOLTAGE MAGNITUDE LIMITS

15 Voltage Magnitude Limits

Voltage magnitude limits only apply to the AC model. For the polar formulation,
they are simple variable limits, but for the cartesian formulation the constraints take
the following form.

gν
max

(x) ≤ 0 (15.1)

gν
min

(x) ≤ 0 (15.2)

where

gν
max

(x) = ν̂(x)− ν̂max (15.3)

gν
min

(x) = ν̂min − ν̂(x). (15.4)

The derivatives then are based directly on those from Section 5.3, where the
derivatives of gν

min
are simply the negative of the corresponding derivative of gν

max
.

15.1 First Derivatives

gν
max

u = ν̂u = [ν̂]−1 [û]J (15.5)

gν
max

w = ν̂w = [ν̂]−1 [ŵ]J (15.6)

15.2 Second Derivatives

gν
max

uu (µ) = ν̂uu(µ) = JT [µ] [ν̂]−3 [ŵ]2 J (15.7)

gν
max

uw (µ) = ν̂uw(µ) = −JT [µ] [ν̂]−3 [û] [ŵ]J (15.8)

gν
min

wu (µ) = ν̂wu(µ) = −JT [µ] [ν̂]−3 [û] [ŵ]J (15.9)

gν
min

ww (µ) = ν̂ww(µ) = JT [µ] [ν̂]−3 [û]2 J (15.10)
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16 VOLTAGE MAGNITUDE SQUARED LIMITS

16 Voltage Magnitude Squared Limits

Alternatively, voltage magnitude limits can be implemented for the cartesian formu-
lation of the AC model in terms of the square of the voltage magnitudes. In this
case we have

gν
max

(x) = ν̂(x)2 − (ν̂max)2 = û2 + ŵ2 − (ν̂max)2 (16.1)

gν
min

(x) = (ν̂min)2 − ν̂(x)2 = (ν̂min)2 − (û2 + ŵ2). (16.2)

This results in slightly simpler derivatives, where each derivative of gν
min

is still
simply the negative of the corresponding derivative of gν

max
.

16.1 First Derivatives

gν
max

u =
∂gν

max

∂u
= 2 [ν̂] ν̂u = 2 [û]J (16.3)

gν
max

w =
∂gν

max

∂w
= 2 [ν̂] ν̂w = 2 [ŵ]J (16.4)

16.2 Second Derivatives

gν
max

uu (µ) =
∂

∂u

(
gν

max

u

T
µ
)

= 2JT [µ]J (16.5)

gν
max

uw (µ) =
∂

∂w

(
gν

max

u

T
µ
)

= 0 (16.6)

gν
min

wu (µ) =
∂

∂u

(
gν

max

w

T
µ
)

= 0 (16.7)

gν
min

ww (µ) =
∂

∂w

(
gν

max

w

T
µ
)

= 2JT [µ]J (16.8)
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17 BRANCH ANGLE DIFFERENCE LIMITS

17 Branch Angle Difference Limits

Branch angle difference limits can be written as

gθ
max

(x) ≤ 0 (17.1)

gθ
min

(x) ≤ 0 (17.2)

Let C ft be defined as the difference between the incidence matrices C f and Ct for
the “from” and “to” ports of the aggregate branch model, respectively.

C ft = Ct −Ct (17.3)

If J is used to select the branches of interest and Ĉ ft ≡ C ftJT, then the branch
angle difference constraint functions can be written as linear functions of the voltage
angles.

gθ
max

(x) = Ĉ ftTθ − θ̂
max

(17.4)

gθ
min

(x) = θ̂
min
− Ĉ ftTθ (17.5)

For the AC polar formulation or for the DC model, these are simple linear func-
tions the voltage angle variables θ, but for the AC model cartesian formulation these
angles are nonlinear functions of x, i.e. θ = θ(x).

The derivatives then are based directly on those from Section 5.3, where each
derivative of gθ

min
is simply the negative of the corresponding derivative of gθ

max
.

17.1 First Derivatives

gθ
max

u =
∂gθ

max

∂u
= Ĉ ftTθu = −Ĉ ftT [ν]−2 [w] (17.6)

gθ
max

w =
∂gθ

max

∂w
= Ĉ ftTθw = Ĉ ftT [ν]−2 [u] (17.7)
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17.2 Second Derivatives 17 BRANCH ANGLE DIFFERENCE LIMITS

17.2 Second Derivatives

gθ
max

uu (µ) = θuu(Ĉ ftµ) = 2
[
Ĉ ftµ

]
[ν]−4 [u] [w] (17.8)

gθ
max

uw (µ) = θuw(Ĉ ftµ) =
[
Ĉ ftµ

]
[ν]−4 ([w]2 − [u]2

)
(17.9)

gθ
max

wu (µ) = θwu(Ĉ ftµ) =
[
Ĉ ftµ

]
[ν]−4 ([w]2 − [u]2

)
(17.10)

gθ
max

ww (µ) = θww(Ĉ ftµ) = −2
[
Ĉ ftµ

]
[ν]−4 [u] [w] (17.11)
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